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Abstract. In this paper, a Stochastic Dynamic Facility Location Problem (SDFLP) is formulated. In the ﬁrst part, an exact solution method
based on stochastic dynamic programming is given. It is only usable for
small instances. In the second part a Monte Carlo based method for solving larger instances is applied, which is derived from the Sample Average
Approximation (SAA) method.

1

Introduction

The Uncapacitated Facility Location Problem (UFLP) has been enhanced into
many directions. In [9] and [2] you can ﬁnd numerous approaches that consider
either dynamic or stochastic aspects of location problems. An exact solution
method to an UFLP with stochastic demands is discussed in [6]. The problem
considered there could be interpreted as a two stage stochastic programm. In
[8] you can ﬁnd dynamic (multi period) aspects as well as the multi commodity
aspect. The approach in [10] could be seen as the integration of stochastics into
the UFLP. In the work in hand a model will be presented, where the UFLP
gets enriched by inventory and randomness in the demand. The UFLP and its
generalizations are part of the class of NP-hard problems, where no exact eﬃcient
solution methods are known. First of all, the aim of this work is the preparation of
tools to develop and investigate heuristics for this problem type. For this reason,
an exact method for small instances was developed. This makes possible both,
to carve out the range of exact solvability and to compare exact and heuristic
solutions. A more detailed description of the problem is now following.

2

Stochastic Dynamic Warehouse Location Problem

Our aim is to ﬁnd the optimal decisions for production, inventory and transportation, to serve the customers during a certain number of periods, t ∈ {1, ..., T }.
Assume that the company runs a number for the production sites i ∈ I =
(t)
{1, 2, ..., n} that have limited storage capacities, ∆i . These production sites
need not be used in all periods. When a production site i is operated at time
(t)
t, this is denoted by the binary variable δi = 1 . In this case the ﬁxed costs
(t)
(t)
oi arise. If a location is active, then the exact production quantity ui must be
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ﬁxed. For each period, the production decision is the ﬁrst stage of the decision
process. It has to be done before the demand of the customers is known. Only
(t−1)
as well as the demand forecasts are known
the current level of inventory yi
in advance.
Demand occurs at various customer locations j ∈ J = {1, 2, ..., m}. At any
given period t the demand dtj at customer j will occur with probability ptj ,
whereas customer j will not require any delivery with probability 1 − ptj . Hence,
(τ )

demand can be described by a dichotomous random variable1 Dj
(t)

also assume that the random variables Dj
(t)

(t)

(t)

(τ ≥ t). We

are stochastically independent.
(t)

(t)

P(Dj = 0) = 1 − pj

P(Dj = dj ) = pj

In the second stage, when the demand is known, we must decide upon the
transportation of appropriate quantities xij (t) from the production sites i to
the customers j. We assume that the time needed for transportation can be
neglected (i.e. the transportation lead time is less than one period). Stockouts
(t)
(t)
(shortages) fj are permitted and are penalized by shortage costs pj per unit
time and per unit of the product. We assume that backordering is not possible
and that these potential sales are lost.
(t)
The periods are linked by the inventories yj at the production sites and
(t)

the usual inventory balance equations (1) apply. Here ηi
in period t at site i.
 (t)
(t)
(t)
(t−1)
(t)
yi + ηi = yi
+ ui −
xij

denotes the surplus
(1)

j∈J
(t)

In this paper we assume free disposal, therefore the variable ηi
eliminated by turning the equality (1) into the inequality (2).
 (t)
(t)
(t−1)
(t)
+ ui −
xij
yi ≤ yi

can be
(2)

j∈J

After the completion of the production and transportation decisions and after
updating the inventories, the next period can be considered. We note here, that
for all periods we have to pay attention to the capacity restrictions (3).
(t−1)

0 ≤ uti + yi

(t)

≤ ∆i

(3)

In order to have a convenient notation, we introduce the concept of scenarios.
A scenario Dt ⊂ J is a subset of customers where the demand gets realized.
Since the demands of the diﬀerent customers are independent, the corresponding
probability of a scenario to occur is given in formula (4).

 (t)  
(t)
pj
1 − pj
(4)
P(Dt ) =
j∈Dt
1

j∈Dt

The embedding of stochastics is similar to the embedding of stochastics into the
TSP, see [4].
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(a) Scenarios (|I| = 2, |J| = 3)

(b) Transition

Fig. 1. Sequencing of Decisions

Solving the SDFLP means ﬁnding a strategy that minimizes the expected
costs. Because of the sequencing of the decisions and the uncertain demand,
the solutions could be understood as scenario dependent strategies, where the
decisions are dependent on the forecasts and the level of inventory at hand.
Figures 1(a) and 1(b) illustrate the dependency of operative planning2 and the
scenarios (realization of demand).
(t)
The left hand side of Figure 1(a) shows the production decisions ui and
all of the possible subsequent scenarios (8 in number). One of the scenarios is
magniﬁed in the upper part of Figure 1(b). In each scenario the decisions for
transportation, inventory and shortage are necessary.
In order to complete the model formulation, we summarize the decision variables and the corresponding costs in Table 1.
Table 1. Variables and Costs
variable cost
(t)
δi

∈ {0, 1}

(t)
xij
(t)
yi
(t)
ui
(t)
fj

operating decision and ﬁxed costs

∈

(t)
Z+ cij

transportation decision and unit transportation cost

∈

(t)
Z+ si

inventory level and unit holding cost

∈

(t)
Z+ mi

production decision and variable production cost

∈

(t)
Z+ pj

shortage (lost sales) and unit shortage cost

(t)

The decisions δi

2

description

(t)
oi

(t)

and ui

are linked by formula (5)

(t)
1 if ui > 0
(t)
δi =
(t)
0 if ui = 0

(5)

To keep the ﬁgure as simple as possible shortages and disposal are not integrated.
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while shortages are deﬁned as
(t)

fj

(t)

= Dj −



(t)

xij .

i∈I

The total cost F is the sum over all periods of ﬁxed operating costs, variable
production costs,

F =E

 T


(t) (t)

(t) (t)

(t) (t)



oi δi + mi ui + si yi

t=1 i∈I

+

T 

t=1 i∈I j∈J

(t) (t)

cij xij +

T 


⎞
(t) (t)
pj f j ⎠

t=1 j∈J

Since all relevant information about the past is contained in the inventory
levels, this model is well suited to be solved by dynamic programming. This will
be outlined in the next section.

3
3.1

Exact Solution Method
Stochastic Dynamic Programming

The principle of dynamic programming is the recursive estimation of the value
function. This value function, henceforward denoted by F, contains the aggregate
value of the optimal costs in all remaining periods. It can be derived recursively.
It is convenient to ﬁrst describe the method in general and to apply it to the
n
problem afterwards. Let z ∈ Rm
+ be the vector of state variables and u ∈ R+
be the vector of decisions. The set of feasible decisions in state z and period t is
denoted by Ut (z). The random inﬂuence in period t is represented by the random
vector r(t) for which the corresponding distribution is known. It is important to
note that the random variables {r(t) } have to be stochastically independent. The
state transformation is described by
zt+1 = A(zt , ut , rt )
and depends on the current state zt , the random inﬂuence rt at time t, and the
chosen decision ut . The single period costs in period t and state z when decision
u is taken and random variable r is realized is denoted by gt (z, u, r).
The value function Ft (z) gives the minimal expected remaining costs when
starting in state z in period t. We now present a variant of the stochastic Bellman
equation (compare Schneeweiß[11] S.151 (10.25) or Bertsekas [1] S.16).
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FT (z) =

min

u∈UT (z)

Ft (z) = min

u∈Ut (z)

E gT (z, u, r(T ) )



E gt (z, u, r(t) ) + Ft+1 (At (z, u, r(t) ))



t = T − 1, . . . , 1

(6)

Recursively solving the equation (6) we get an optimal strategy that balances
the cost for implementing the decision u and the expected resulting remaining
costs.
Applying Stochastic Dynamic Programming (SDP) to the SDFLP is almost
straight forward. For solving the problem we have to iteratively calculate the
functions Ft . We will show later that for the SDFLP it is suﬃcient to consider
integer controls.
3.2

Application to the SDFLP

In order to apply the DP equation
(6) to the SDFLP, we ﬁrst introduce the

notation G D, yistart , yiend , t for the sum of inventory holding costs, shortage
costs, and transportation costs in scenario D in period t when starting with
initial inventory levels yistart and where the ﬁnal inventories are required to be
yiend . To every given inventory level yistart and scenario D, the best possible
transportation plan has to be calculated. This can be done by solving a linear
program:
  (t) end

si y i +
G D, yistart , yiend , t =


min

xij ,fj

s.t.

j∈J




i∈I

(t)
pj f j +

(7)

(t)

cij xij

i∈I j∈J

(t)

i∈I
j∈J



xij + fj = dj

xij +
≤
fj , xij ≥ 0.
yiend

yistart

∀j ∈ D
∀i ∈ I

Now the value function FT of the ﬁnal period T can be computed. In G,
(T )
(T −1)
the starting inventory is now given by yistart = ui + yi
while the terminal
end
inventory must be zero, yi = 0:
(T −1)

FT (yi

)=

+

min

(T )
ui ≥0
(T −1)
(T )
T
0≤ui +yi
≤∆i




i∈I

(T ) (T )
oi

δi

+



(T )

(T )

u i mi +

i∈I



(T )
(T −1)
P(DT )G DT , ui + yi
, 0, T

(8)

DT ⊂J

Going back in time, we have to turn to the general case in period t < T .
Now we have to take into account the remaining costs in periods t + 1, ..., T
when making the decision in period t. The starting inventory is now given by
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(t)

yistart = ui + yi
while the inventory at the end of period t is yiend = yi .
(t)
(t−1) (t)
When determining G(Dt , ui + yi
, yi , t) again a linear program has to be
solved. The recursion for the value function becomes:
 (t) (t)
(t−1)
(t) (t)
Ft (yi
)=
min
δi oi + ui mi +

+


Dt ⊂J

(t)
ui ≥0
(t)
(t−1)
(t)
0≤ui +yi
≤∆i

P(Dt )

min

(t)

(t+1)

0≤yi ≤∆i

i∈I


 
(t)
(t−1) (t) 
(t) 
Gt Dt , ui + yi
, yi , t + Ft+1 (yi )

(9)

In the SDFLP the data and the controls are assumed to be integer. In the
problem (7) we therefore have to solve an integer linear program. It turns out
to be a min cost ﬂow problem and therefore it is totally unimodular, such that
using the Simplex method for solving the relaxed linear program results in integer
solutions for the transportation quantities xij and the shortages fj .
The computational eﬀort of this exact algorithm is increasing exponentially
with the capacity at the locations and the number of customers. The additional
eﬀort that emerges from adding additional periods to the problem is linear.
This DP formulation is only applicable for small problem instances and for
larger problem instances heuristic approaches are necessary. This is considered
in the next section.

4

Heuristic Approach

A heuristic designed to solve stochastic combinatorial optimization problems is
the Sample Average Approximation Method (SAA); see Kleywegt et al. [5]. Our
model deals with a multi stage problem and that is the reason why this method
is not directly applicable. In what follows we ﬁrst present the classical SAA for
solving static stochastic combinatorial optimization problems. Afterwards, we
will explain how this method can be modiﬁed in order to be applicable to our
problem.
Consider the following stochastic combinatorial optimization problem (10) in
which W is a random vector with known distribution P , and S is the ﬁnite set
of feasible solutions.
v  = min g(x),
x∈S

g(x) := EP G(x, W )

(10)

The main idea of the SAA method is to replace the expected value EP G(x, W )
= G(x, w)P (dw) (which is usually very time consuming) by the average of a
sample. The following substitute problem (11) is an estimator of the original
problem (10).
N
1 
min ĝN (x), ĝN (x) :=
G(x, W j )
(11)
x∈S
N j=1
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The SAA method works in three steps
1. Generate a set of independent identically distributed samples: {Wi1 , . . . ,
WiN }M
i=1 of the random variable W.
2. Solve the corresponding optimization problems, i.e. optimize:
v̂i = min ĝi (x),

ĝi (x) =

x∈S

N
1 
G(x, Wij ).
N j=1

3. Estimate the solution quality. This is done by ﬁrst computing mean and
variance of the sample:
v̂ =

M
1 
v̂i ,
M i=1


1
(v̂i − v̂)2 .
M (M − 1) i=1
M

σ̂ 2 =

Then a solution x̃ is chosen (e.g. we can take the solution with the smallest
v̂i ) and its objective value is estimated more accurately by generating a

larger sample {W 1 , . . . , W N } (N  >> N )


N
1 
G(x̃, W j ),
ṽ = 
N j=1

N


1
σ̃ =  
(G(x̃, W j ) − ṽ)2 .
N (N − 1) j=1
2

2
Calculate the value gap and σgap
:

gap = ṽ − v̂,

2
= σ̃ 2 + σ̂ 2
σgap

Since E(v̂) ≤ v  ≤ E(ṽ) the values ṽ and v̂ can be interpreted as bounds
on v  : let x ∈ S denote an optimal solutions of (10) then the ﬁrst inequality
E(v̂) ≤ v  comes from taking the expected value on the following inequality:
v̂i ≤ ĝi (x )
which results in
E(v̂i ) ≤ E(ĝi (x )) = v  .
2
After completing Step 3, we have to inspect the values of gap and σgap
. If
these values are too large, one must repeat the procedure with increased values
of N , M and N  . In [10] this method is applied for a Supply-Chain Management
problem that includes location decisions.
Because of the multi-period structure of the SDFLP, the above SAA procedure has to be adapted. In particular, one must pay special attention to the way
how the sampling is done. The sampling is done independently in every stage
and every state of the SDP sipmly by modifying formulas (8) and (9), where for
every period and inventory level we only sum over a small randomly chosen sets
of scenarios. To be more speciﬁc, the expected value in formula (9) passes over
(t)
into (12) where {Di } denotes the sample chosen in stage t and state yi .
N

 
1 
(t)
(t−1) (t) 
(t) 
Gt Di , ui + yi
min
, yi , t + Ft+1 (yi )
N i=1 0≤yi(t) ≤∆(t+1)
i

(12)
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Results

The implementation was done in C++ and an additional library from the GNU
Linear Programming Kit (GLPK) [7] was used. For small examples where the

(t)
product i∈I ∆i is small enough (say ≤ 50) it is possible to ﬁnd the exact
solution using the dynamic programming approach described in Section 3. In
Figure 2, we can see the cost distributions for the exact and the heuristc approach
in a small example (3 periods, 3 customers, 2 facilities and capacity = 3). Here
one can see that the shapes are quite diﬀerent. The instance considered has very

Fig. 2. Comparison of Diﬀerent Solutions

Fig. 3. Distributions of the Optimal Solution to Instances with Diﬀerent Levels of
(t)
Probability (pj = p ∈ {0, 0.01, 0.02, . . . , 1})
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Fig. 4. Choice of sample size N and the number of samples M
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SAA (N=5, M=7) ... average of 7 solutions
SAA (N=5) ... evaluation of one solution
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Fig. 5. Expected costs to diﬀerent levels of inventory y (1 : [0, 0]; 2 : [0, 1]; ...; 4 : [0, 3];
5 : [1, 0]; ...; 12 : [2, 3])

uncertain demand (every customer has probability 50%). Hence the two peaks
in the optimal solution are not very surprising. It is interesting to observe that
the heuristic solution does not show these twin peaks.
This second peak diminishes if the probability is close to 0 or 1. An experiment was made where the probability for the demand varied from 0 to 1 for
(t)
all customers, i.e.: (pj = p ∈ {0, 0.01, 0.02, . . . , 1}). The result is depicted in
Figure 3 where grey areas represent positive probabilities that these cost values
occur. Every vertical line (p ﬁxed) corresponds to a distribution function. For
instance, at p = 0.1 ﬁve peaks occur. When the probability p increases, the
number of peaks in the distribution function decreases.
The key decision to make the heuristic work well is to choose the right sample
size N and the right number of samples M . In Figure 4 the statistical lower bound
v̂ (calculated in step 3) is depicted for diﬀerent values of N and M . Choosing
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a sample size N that is large enough seems to be more important than a large
number of samples. In Figure 4(b) the region N > 70 of Figure 4) is magniﬁed
to see the eﬀect of a choosing the number of samples more clearly. One also can
see that the statistical gap stays positive if at least 11 samples of size 71 are
chosen. It is also interesting to note that for small values of N and suﬃcient
large M the corresponding bounds are quite good, although the corresponding
individual solutions are quite bad. This situation is depicted in Figure 5.

6

Conclusion and Further Research

In this paper a stochastic dynamic facility location problem was proposed and
exact and heuristic solution methods were presented. The examples that can be
solved to optimality are quite small and therefore of minor practical interest.
But the comparison of the SAA results and the exact solution method shows
the applicability of the proposed method for larger instances of the SDFLP. To
get more insight into this method, it will be necessary to make a transfer of the
theoretical results known for the SAA method (see [5] for statistical bounds).
For comparison purposes it would be interesting to adopt metaheuristic concepts:
e.g. by using the variable-sample approach (for references see [3]). In our further
research we also want to consider other exact solution techniques considering
the SDFLP as a multistage stochastic program.
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