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I. Introduction 

The aim of this paper is to study selection rules for processes in crystalline 

solids where an external uniform magnetic field is present. When there is no 

field these selection rules are well known ([|], [21). In the presence of an ex- 

ternal uniform magnetic field we have to consider projective representations of 

the syamletry group of the system instead of vectorrepresentations (~I, [4]). 

Since we will also consider time-reversal sya~etry our symmetry group will be a 

Shubnikov space group of type I or III. We suppose that the finite-dimensional 

projective unitary-antiunitary (PUA) representations of the Shubnikov space groups 

of types I and III are known[ 5], and that they are derived with the method of 

generalised induction given by Shaw and Lever [6]. In section II we give some 

properties of induced PUA representations, analogous to well-known (Ill, [2~) 

properties of induced veetorrepresentations. The selection rules are then derived 

in section III. 

II. Properties of induced PUA representations 

Let G be a finite group, G a subgroup of G of index | or 2, and H a subgroup of G. 
O 

A PUA representation of G is a mapping D from G into the unitary matrices which 

satisfies D(g) D(g') g = c(g,g') D(gg') for some mapping c: G x G ~ U(I) where 

D g = D if g ~ Go and D g ~ D ~ if g ~ Go, the asterisk denoting complex conjugation. 

The mapping c is called the factor system of D. Two PUA representations D and D' 

of G with the same factor system are equivalent if there exists a unitary matrix U 

with the property D~(g) = U-ID(g)U g for all g ~ G. In the sequel we shall identify 

equivalent PUA representations. If A is a PUA representation of H with factor 

system c, then Ag, defined by Ag(ghg -I) = g(ghg-l,g) c~(g,h) Ag(h) is a PUA 
-I 

representation of H ~ gHg with factor system c. The PUA representation of G 

which is induced from the PUA representation A of H, both with factor system ~, 

will be denoted by A~G. Let K also be a subgroup of G. Then we can write 

G = ~. KgiH where {gi } is a fixed set of doublecoset representatives containing 

the i~entity e of G. In the sequel we give without proof some properties of in- 

duced PUA representations. The following notation will be used: ~ and c are factor 

systems of G; F and A are PUA representations of G and K respectively with factor 

system ~, and A is a PUA representation of H with factor system c. 

Theorem I: If c is the trivial factor system of G then A÷G does not contain the 

trivial UA representation of G if and only if A does not contain the trivial UA 

representation of H. 

Theorem II: F ® (F~G) = [(FqH) @ A]~÷ g 

Theorem III: If H e K ~ G then (A~K) ÷G = A~G 

i 
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Theorem V: (A+G) x (A+G) = ~{[(&g +(Hg~° K)) ® (A+(HgnL K))]+G}_~ 

We conclude this section with a theorem which is nothing but a repeated application 

of theorem V, but which is of great importance in the next section. 

Theorem VI: Let M be another subgroup of G; v another factor system of G and 

an irreducible PUA representation of M with factor system v. For each gl we can 

write G = ~(Hgn K)gL~ M. Let N~,; be the subgroup M ,n HgO K. Then 

(~M) ® (A~G) x (A~G) = ~{[(~gL~ +Nj,~ ) ® (Ag +N~ g~ (A+N~,~)] ÷ G} 

III. Selection rules for an electron in a crystal with a uniform magnetic field 

We consider an electron in a crystalline solid where an external uniform magnetic 

field is present. The syn~netry group G of the system is a Shubnikov space group of 

type I or liT. H is the subgroup of translations of G and G the nonmagnetic sub- O 
group of G. Elements of G will be denoted by (t,R) where t ~ H and R ~ K ~ G/H. 

We define (t,R) by its action on space-tlme: (t,R)(x;t) = (R~ + ~ + tR,eRt) where 

c R is defined by e R = I if R ~ Ko ~ Go/H and e R = -I if R ~ Ko and t R is a fixed 

non-primltlve translation associated with R. The multiplication of elements of G is 

now given by (t,R)(t',R') = (t + Rt' + m(R,R'),RR') where the mapping m: KxK~H is 

glven by m(R,R') =÷t R + RtR, - tRR,. Let t|,t 2 and t 3 be basic translations of H. 

Then each element t of H can be wrltten as t = nit I + n2t 2 + n3t 3. In the sequel 

we shall identify t with the columnvector with entries nl,n 2 and n 3. Moreover each 

element R of K is given by the 3x3-matrix which represents R with respect to the 

basic vectors. 

Since G is an infinite group and it is convenient to work with finite groups we 

apply periodic boundary conditions. This is, however, only possible when the 

magnetic field B is in the direction of some translation ~ of H and satisfies 

= 2~hc al where ~ is the volume of a primitive cell and a is a rational number [3] -~- 

From now on we suppose that B has this properties and assume tacitly that periodic 

boundary conditions are applied, which enables us to consider G as a finite group. 

Moreover we choose the basic translations such that t 3 is in the direction of B. 

The Hilbert space ~of wavefunctions ~(~,t) satisfying the Schrodinger equation 
• a l e ~ • + = - A(x)) + e~(x) carries a PUA representation of G with H~ r h ~ t  where H = zm(; 

factor system o. The equivalence class of o is determined by the magnetic field and 

is independent of the choice of the gauge of the potentials. We may choose o from 

its equivalence class in such a way that [7] 

a((t,R),(~',R')) 7(t,Rt') y(t+Rt', m(R,R )) v(R,R') P(R,t ) 

where y, the restriction of o to HxH is given by [3] 

y(~,~') = exp{-2~i m (tlt ~ - t 2 t l )  } 
m 

Here we ~ f o t e  ~ f o r  the  r a t i o n a l  number a~ and we suppose t h a t  m and N have no 

common factor. 

We a r e  i n t e r e s t e d  i n  m a t r i x  e i e m e n t s  (~ , O k ~ ) .  Here  t h e  f u n c t i o n s  

{~,i=l,..., dim D ¥} form a basis for the irreducible PUA representation D ¥ of G 

with factor system o and 0 p is an irreducible tensor operator transforming according 
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to the irreducible UA representation D ~ of G. The matrix element (¢~, O k 

equal to zero due to the symmetry of the system if the trivial UA representation 

of G does not occur in the triple direct product D ~ ® D v~ D p. 

Suppose D ~, D v and D p are equal to AU+G, AV~G and A°~G respectively, where A p, 

A v and A 0 are allowable PUA representations of the little groups M, H and K of the 

irreducible PU representations ~P, J and ~P of H respectively. ~U is given by 

~(t) = exp (~ik'.t) and~ v and are N-dimensional and given by vectors~' and 

~respectively (equation 4.9 of [5]). We may assume that the allowable PUA represen- 

tation A has the form A(~,R) =~(1)U(R) ~ E(R) [5]. Let G = EK(~,R.)H; 

H. : (e,R.)H(e,R.) ; G = E(H.nK)(o,R:/)M; M -: (e,R)M(e,R ) '; N.. : G¢~ M n N.~ K; 
v v U ~ J  . . 

A.  = A , ÷  _ , and A : . =  A . ÷  _ . T h e n ,  u s l n g  t h e o r e m s  I and V I ,  i t  f o l l o w s  t h a t  

D~ D~:,-~p ~ ~e,~,~ )" ~ does not contain the trivial UA representation of G i~the trivial 
v ~ AP representation of Nj, 6 is not contained in A~,~ ® A i @ for each value of i and j; 

thus, i~ ~'~,~Tr Aj,~(t,R) p + Tr A~(I,R) Tr A p (t,R) + = 0 V[,j . Let H I be the subgroup of 

H consisting of the elements ~ with t I and t 2 multiples of N. We write ~ = ~ + w for 

each ~ E H, with s ~ H I and 0 -- < Wl, 2 < N and w3÷ffi 0. Then (t,R) = (s,E)(w,R). In the 

sum above we will carry out the summation over s. After some calculations, using the 

equations (3.2)-(3.6) of [7] and equation (3.16) of [8], and writing s = Qt ° where 

Q is the diagonal 3x3-matrix with QII = Q22 = N and Q33 ffi I we find that the sum 
• + + - I T - T ~ ,  - + ÷ 

contains a t e r m ~  exp{2~l t .[k-E_ QR. q k + ER~xQR~T~ '' - qk(R i) + eRLP(Ri) ] } 

Here the vectors k(R i) are parameters of the factorsystem o and are determined by 

the magnetic field (equation (3.16) of ~8]; Note that the matrices B Ri, also occurring 

in this equation are zero due to the fact that the magnetic field is not changed under 

m - I  1 ) 2 . Q  ~ the operations of group G). The vectors p(R i) are given by pj(Ri) = ~-~(R i )Ij(R~ 3 3J" 

Due to the periodic boundary conditions we finally obtain the selection rule that 

- . ~ eR., QR-IT~ ''~,~ Qk(R i ) ~  ÷ ER QR~ITQ-I~ ' + ~., - + eR%P(Ri) ffi 0 (mod I) for some i and j is 

a necessary condition in order to have non-zero matrix elements. 
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