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I. Introduction

The aim of this paper is to study selection rules for processes in crystalline
solids where an external uniform magnetic field is present. When there is no
field these selection rules are well known ([l], [2]). In the presence of an ex-
ternal uniform magnetic field we have to consider projective representations of
the symmetry group of the system instead of vectorrepresentations ([3], [4]).
Since we will also consider time-reversal symmetry our symmetry group will be a
Shubnikov space group of type I or III. We suppose that the finite-dimensional
projective unitary-antiunitary (PUA) representations of the Shubnikov space groups
of types I and III are known [5], and that they are derived with the method of
generalised induction given by Shaw and Lever [6] In section II we give some
properties of induced PUA representations, analogous to well-known ( ] \2])
properties of induced vectorrepresentations. The selection rules are then derived
in section III.

II. Properties of induced PUA representations

Let G be a finite group, Go a subgroup of G of index 1 or 2, and H a subgroup of G.
A PUA representation of G is a mapping D from G into the unitary matrices which
satisfies D(g) D(g')g = o(g,g') D(gg') for some mapping o: G x G » U(1) where

p& = D if g € Go and D% = D" if g ¢ Go’ the asterisk denoting complex conjugation.
The mapping ¢ is called the factor system of D. Two PUA representations D and D'

of G with the same factor system are equivalent if there exists a unitary matrix U
with the property Dkg) = U._lD(g)Ug for all g € G. In the sequel we shall identify
equivalent PUA representations, If A 1s a PUA representatlon of H with factor
system 0, then Ag’ deflnedlby A (ghg ) = o(ghg ,g) o4 (g,h) AB(h) is a PUA
representation of H = gHg w1th factor system 0. The PUA representation of G
which is induced from the PUA representation 4 of H, both with factor system ¢,
will be denoted by 0%G. Let K also be a subgroup of G. Then we can write

G= I Kg H where {g } is a fixed set of doublecoset representatives containing
the 1éent1ty e of G. In the sequel we give without proof some properties of in-
duced PUA representations. The following notation will be used: w and 0 are factor
systems of G; T and A are PUA representations of G and K respectively with factor
system w, and & is a PUA representation of H with factor system 0,

Theorem I: If 0 is the trivial factor system of G then AgG does not contain the

trivial UA representation of G if and only if A does not contain the trivial UA

representation of H.
Theorem IT: I' g (I4G) l(rem) @ 8l 4 ¢
Theorem III: If H<¢ K ¢ G then (AiK) 16 = A6

Theorem IV: (8G)+ K = I[(A +(H nK))* K|
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Theorem V: (AtG) x (MG) =T A +(H nK AV (H K +G

(846) x (M6) = H{[(d, +(H N K)) @ (M4 (B0 K)]EG)
We conclude this section with a theorem which is nothing but a repeated application
of theorem V, but which is of great importance in the next section.
Theorem VI: Let M be another subgroup of G; v another factor system of G and =
an irreducible PUA representation of M with factor system v. For each g; we can
write G = Z(Hgn K)g M. Let N-; be the subgroup M_n H_n K. Then

~ v
=) @ (A16) x (AfG) =sn{E, W) @ (4 W Yo (i, )] + 6
g;.; g 8 9

g
111, Selectlon rules for an electron in a crystal with a uniform magnetic field

We consider an electron in a crystalline solid where an external uniform magnetic

field is present. The symmetry group G of the system is a Shubnikov space group of

type 1 or I, H is the subgroup of translations of G and Go the nonmagnetic sub-
-> ->

group of G. Elements of G will be denoted by (t,R) where t ¢ H and R € K = G/H,

We define (;,R) by its action on space-time: (Z,R)(;;t) = (R; + Z + ?R,ERt) where

is defined by e, = | if Re K = G /Hand e, = -1 if R¢ K and ©

€ is a fixed

R R

non-primitive translation associated with R, The multiplication of elements of G is
> > > > > >

now given by (t,R)(t',R') = (t + Rt' + m(R,R"),RR') where the mapping m: KxK>H is

. -+ > > > - . .
given by m(R,R') = t_ + Rt Let t;,t, and ty be basic translatlons of H.

y = Te
Then each element c gf H cin be §§1tten as t = nlzl + n2+2 3 3¢ In the sequel
we shall identify t with the columnvector with entries n,,n, and ng. Moreover each
element R of K is given by the 3x3-matrix which represents R with respect to the
basic vectors,
Since G is an infinite group and it is convenient to work with finite groups we
apply periodic boundary conditions. This is, however, only possible when the
magnetic field B is in the direction of some translation T of H and satisfies

> 2rhc = . oo . . \
B = —at where & is the volume of a primitive cell and a is a rational number [3J.

From now on we suppose that 3 has this properties and assume tacitly that periodic
boundary conditions are applied, which enables us to consider G as a finite group.
Moreover we choose the basic translations such that EB is in the direction of E.
The Hilbert space 7{05 wavefunctions w(; t) satisfying the Schrodinger equation

H = 1h——¢ where H = ——(p - = A(x)) + e§(x) carries a PUA representation of G with
factor system o, The equlvalence class of o is determined by the magnetic field and
is independent of the choice of the gauge of the potentials. We may choose 0 from
its equivalence class in such a way that {7]

o ((£,R), (2',R")) = y(f,RT') Y(T+Rt', m(R,R')) V(R,R') P(R,t')

where Yy, the restriction of o to HxH is given by [3]

Y(?,?') = exp{-2n1 (t t' - t t! ﬂ

Here we wrote % for the ratlonal number a, and we suppose that m and N have no
common factor,

We are interested in matrix elements (¢ . 0u ¢ ). Here the functions

{¢ si=l,00ey dim D'} form a basis for the 1rreduc1b1e PUA representation DY of G

wlth factor system o and 0% is an irreducible tensor operator transforming according
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to the irreducible UA representation p* of G. The matrix element (¢;, OE ¢i) is
equal to zero due to the symmetry of the system if the trivial UA representation

of G does not occur in the triple direct product p* ® Dv*® p°.

Suppose Du, D and I¥ are equal to AutG, Av;G and Aogﬁ respectively, where Au,

N and af are allowable PUA representations of the little groups M, H and K of the
irreducible PU representations 2“, 2\) and 20 of H respectively, 2’“ is given by

53(2) = exp (ZW{Q".z) and 2° and 2° are N-dimensional and given by vectors k' and
i?tespectively (equation 4,9 of [5]). We may assume that the allowable PUA represen-
tation A has the form A(Z R) -fb(?)u(n) ® ER) [5]. Let ¢ = zx(e R, )H;

> -+ - >
o= ERHG,R; ) he = a0 (6 R0Ms Mig= GRIOMGLRO T Ny = G By s
Az =Y + o R.) and A:' A(* Ri: )* Then, using theorems I and VI, it follows that
v
DY ® DY* @ D° does not contain the trivial UA representatlon of G iff the trivial

representation of N:: is not contalned in Aﬁ, [ A ® a? for each value of i and j;

Jiv

thus, iff El Tr Au(t R) Tr A (t R) Tr P (t R) = 0 th Let Hl be the subgroup of

> > >
H consxstlng of the elements t with t and tz multiples of N. We write t = s + w for

each t € H, with s € H1 and 0 < w] 2 < N and w3 = 0, Then (? R) = (; E)(; R). In the
sum above we will carry out the summation over s. After some calculatxons, using the
equations (3.2)-(3.6) of [7] and equation (3.16) of 8], and writing s = Qt where
Q is the diagonal 3x3—matr1x with Q]l = ? = N and Q33 = | we find that the sum
contains a ternL% expl{2mi t .[k— RQQR_lTQ k' + €x QR Tem - Qk(R ) + €Re p(R ]}
Here the vectors k(R ) are parameters of the factorsystem o and are determxned by
the magnetic field (equat1on (3.16) of LB], Note that the matrices BRl, also occurring
in this equation are zero due to the fact that the magnetic field is not changed under
the operations of group G). The vectors ;(Ri) are given by pj(Ri) = %W(R;])15(R;])2j9§
Due to the periodic boundary conditions we finally obtain the selection rule that
E - eRiQRIlTQ-lK' + ERL:QR}:TQ" - Qﬁ(Ri) + Eng(Ri) = 0 (mod 1) for some i and j is
a necessary condition in order to have non-zero matrix elements.
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