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Theoretical investigations of standard low-temperature superconductivity
frequently proceed in one of two main ways. The first begins with the w e l l - k n o w n
BCS Hamiltonian which may be written as
HBCS=~
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In equation (1) the one-body part of the Hamiltonian is assumed diagonal in the
plane-wave basis, each vector being labelled by a w a v e - v e c t o r k, .~ or rn. The twobody term is assumed to be attractive in nature, the vectors on annihilators and
creators being arranged to conserve linear momentum. The labels G and o' denote
the components of spin, the total spin on each particle being S = 1/2. One standard
approach is to use Bogoliubov-Valatin transformations [1] to diagonalise H BCS, so
that the effective o n e - b o d y term exhibits explicitly a gap representing the minimum
energy required to create an excitation in the system.

Both this transformation and

subsequent approximations are guided by the knowledge, obtained originally
variationally [2], that in the ground state electrons are formed into C o o p e r pairs
with their wavevectors and spin components equal and opposite.
The second approach is to take a L a n d a u - G i n z b u r g (LG) view and write down
a free energy density expansion [3] in the f o r m
2

(2)

where A(T) = ~ (T-Tc), "ff being a constant and T-Tc denoting the temperature
difference f r o m the critical temperature T=Te. Here, ¥(r_) is the order parameter
and [~(r) 12 measures the density of superconducting electron pairs and hence the
local degree of superconductivity.

GN(r ) is the free energy density of the normal
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state, m* is an effective mass and C a parameter which is assumed to be such that
C>0.

At this stage, despite the work of G o r ' k o v [4], this route is usually

considered to be phenomenological but at the time this

was put forward it

constituted a break through in the understanding of critical phenomena [5].

Thus,

the first approach uses a number of approximations to incorporate Cooper pairs and
an energy gap and the second appears to be phenomenological.

However, the

present authors [6] have recently developed a novel approach, initially without spin
components, using the Hamiltonian

HTD = ~ ~ta q~
_ qt
-+ ~
k&

t tchaqk4-m
Ak&mqk_q~

(3)

•
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The idea was to first write down H e i s e n b e r g ' s
annihilators and creators in equation (3).

equations

of motion for the

One notices immediately that these rate
/

equations have the same form whether the q~ or (q~)'s
Fermions.

describe Bosons or

The next step is to define a quantum field by

¥(r3 = f}-I/2~ e.ik_.rqk
k_

,

(4)

and to rewrite the equations of motion in terms of this field alone.

This latter part

of the procedure is not easy because the parameters or matrix elements in (3) are
functions of the subscripted wave-vectors.

However,

if these elements

are

expanded as a series about some suitable point in k-space then clearly the equations
of motion may be written in terms of ~, ~* and their gradients. In general, there
will be an infinite number of terms as a consequence of this procedure.

If the point

in k-space is chosen as a critical point of the system, then it is well known [7] that
close to this poin t the order parameter ~ will be predominantly classical,
corrections being very small and of order ~fi. It is then only necessary to perform
the expansion in k-space up to second order because Renormalisation Group
Theory tells us that we only need to include terms up to ~n in the Hamiltonian, in
N-dimensional space time [8], where n = 2N/(N-2) -- 4 - or terms in ~3 or its
equivalent in the equations of motion.

Thus,

the form of the second order

equations is virtually exact and higher order terms merely redress those in lower
orders.
i

This general equation of motion takes the highly non-linear form [6]
a,v

'
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(5)

What is perhaps so surprising is that, if HTD is itself written in terms of the field ¥
a standard Landau-Ginzburg form is retrieved.
(~72~t*)~, ( X 7 2 ¥ t ) ~ t ~

Furthermore,

terms in

¥(XT~tt),

and ( v l F t ) ( v ~ t ) ¥ ~, which were actually considered and

investigated by Landau, also appear! The equations of motion for ¥ turn out to be
the Euler-Lagrange equations obtained by finding the extrema, relative to ~*, of
the Hamiltonian functional, equation (3) being considered as a Hamiltonian density
when written in terms of the classical field.
What, therefore, is so significant is that in the first approach above it is not
necessary to make approximations; we can retain the full generality of the second
quantised form and the second approach is not phenomenological at all but a work
of true genius.
So far this new approach has not incoroorated spin at all.

At this stage thi~

will be omitted and to focus attention on standard low temperature superconductors
we put
o.~K,g = (h~-~-k~
2 - EF) ~k,~
-

2m*

- -

,

(5a)

and assume
Ak__,_~.m = - Vo ~SE

,

(5b)

as is customarily done in BCS-type theories.
In equation (5) EF is the Fermi
energy, Vo is a constant energy and the symbol 5E is zero unless the kinetic
energies are within Jfi0~D (where coD is the Debye angular frequency).
Using
standard methods in quantum field theory [7], near the critical point we describe
the field ~ by
~=¢+A
,
where (~ is a large classical envelope and A is the smaller auantum component and,
as a first approximation in the equations of motion, drop the quantum component
A. In zeroth order the equations of motion reduce to
2

ihat• = - EF ¢ + ~

,

V2 ¢ - 2f~Vo¢ d~¢

(6)
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which is a non-linear SchrSdinger equation in three-dimensional space.
equation is integrable in 1+1 dimensions,
solutions are stable solitons.

as is well known,

This

and among its

It has also been studied in depth using the Symmetry

Reduction method [8]. Analytical results appear to be only found when the level
surfaces of the symmetry variable ~ correspond to planar, cylindrical and spherical
manifolds.

Asymptotic behaviour for some of these geometries corresponds to

solutions of the quasi-linear equation and for this reason we confine our attention
to these. Writing the classical field 0 as
= exp (+ i Et ) exp (i%) 11 ,
h

(7)

substituting into (6), and separating real and imaginary parts results in
+ C 3 h2
11 -2--~%- V2rl +

An

h2

(8)

~ii = 0

2m*rl 3
where A

= EF -

E, C =

2flVo and

C1

defines the magnitude of the superconducting

current, J_'s.
When there are

no currents,

corresponding to the case when

two main categories of solution to consider.

el=0,

there are

Firstly, when m*>0 the lowest exact

solution is a mean field and if A>0 this describes the normal state whereas if A<0
we obtain the ordered superconducting state.
energy of the normal phase, one finds,
one-, two- etc. up to N-soliton states.

In the case when A<0, just below the

with this approach, a discrete ladder of
If one assumes that the physical situation

may be described by a nearly free soliton gas, then one can show that the N-soliton
condensate is separated from the normal phase by a gap A. If, as is the case in the
LG picture, the constant A is temperature dependent through the usual relation
A

= -ff ( T - T c )

,

(9)

then we find that the gap scales with temperature as
A

~

(T - Tc) 1/2

,

(10)

exactly as it does for standard low temperature superconductors!

In fact, between

the mean field energy and disordered phase one finds a continuum of snoidal and
dnoidal

(of

the

Jacobi

elliptic

thermodynamically stable fluctuations.

type)

waves,

the

latter

representing

As the temperature approaches the critical

point from above the normal phase becomes destabilised so that for T<Tc soliton
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energy levels become available to the system and dnoidal waves execute small
oscillations about the mean superconducting energy.
Still describing the situation when m*>0, but when ~uperconducting currents
1.s # 0 are present, we may still solve the non-linear equation of motion exactly and
above T¢ all the solutions become unstable.

However, below To, js breaks the

topological solitons (or kinks) into pairs of bumps and the elliptic solutions
become distorted. At a critical value of the current J_'eboth elliptic waves and bump
solitons

below

them disappear

and

the superconducting

state

is

destroyed.

Remarkably, this critical condition enables us to deduce the correct scaling of the
current with temperature as
b -

I T - Wc 13/2

(1 1)

This is again as in standard superconductors [3].
The other main case is when m*<0.

This may arise due to band structure

effects, re-dressing from higher order terms but in any case can happen if transport
is by holes in an approximately two-dimensional system [9] as is the situation for
high-temperature superconductivity.

This situation is very different from that for

m*>0 and results in a ground state which is strongly modulated in space (cnwaves) and has a critical current whose square has a cubic dependences on T-To
[10].
All the results above are consequences of the model in the absence of spin so
it is legitimate to ask what difference its inclusion would produce.

Following a

similar procedure as outlined above, the starting point would be the analogue of
equation (3) with spin components introduced, namely
t
+
A
t t
HI = ~ t-Ok,~qk_oq~
k& mqkoqe,o,qmo'q~-m_)o •
k&
k&.o',o

(12)

In equation (12) we have assumed for simplicity that the one- and t w o - b o d y
operators from which 60 and A arise do not depend on spin. The labels ~, o' refer
t ,
to the components of spin, not necessarily for a spin S=1/2, and qka or (qka) s can
refer to either Bosons or Fermions at this stage. If we take the case where the
spins do refer to electrons, as an example, and denote spin components o = +1/2
by ' + ' and a = - 1 / 2 by ' - ' ,
given by

then the Heisenberg equation o f motion for q~l÷ is
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ih~tqn+= ~ ~_.k_qk++ ~ {All k mqk_+qm+qOl+k-m_)+
t
t
- Ak B- mqk_+Chn+q~+~.-m_)+
k
kan
t

t

+ A11km._qk_qm-q(_rl.+__....-m_)+-Ak~ m_qk+qm-q(k+Tl.-m_)+}

(13)

with a corresponding equation for ifi ~tq~-, obtained from (13) by interchanging '+'
and ' - ' .
These latter two equations may now be replaced by field equations
involving, in this simple example, two spin-dependent fields defined by
~F+r(L)= f l ' l / 2 ~ e'ik'r ~_+

,

k_

~.(r_) =

fl-;/2~

L, e'ik" r qk--

(14)

k

using a similar procedure to that in the spinless field case. The field equation for
~t+ may be obtained by making the following replacement in equation (5)
a)

qko~a

b)

kxqko--~axl~o

C)

~t~ V~._>lg+t~g+~+ + ~

(15)

t~.V~ + + 1~ t~g+Vig-

-

. [ x~,j~+]~-

and similar replacements by permutation of co-ordinates. An equation for the ~Ffield may also be obtained in this way but with ' +' replaced by ' - ' in c) and d) of
(15) and vice versa. A full calculation will confirm the relationships in (15). What
one notices on writing down these equations of motion is that those terms which
couple the ~F+ and ~F- fields together may all be written in terms of brackets of the
form
[~g_~g+ + ¥+¥_]

(16)

However, these all vanish due to the commutation relations for the quantum fieldst
Hence the equation of motion for ~F+ becomes identical in form to the spinless case,
with ~F+ replaced by ~F. In a similar way the equation for ~ . is also, on putting
¥_--* ¥, exactly the same as in the spinless case. Hence, for Bosons with spin S=0
and Fermions with S=1/2 the equations of motion are o f the same form, despite the
fact that they apparently contain very complicated couplings between the spin
component fields t
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Even when the spin is greater than one-half for Fermions, a very similar
argument, when the one-body and two-body terms involve sums o v e r spin
components, may be used to show that, for Fermions, for any total spin, the
equation of motion for a field associated with one component o f the spin is
identical to that for any other component and has the same f o r m as in the spinless
case. This does take rather a lot of tedious algebra but is a remarkable result. The
Boson case for S~0, is a little more complicated but in this, although the equation
of motion for any spin component has the same form, it is not identical to the
spinless case and the two-body interaction terms become scaled by the spin
degeneracy, 2S+1. Thus, this result might lead to higher critical temperatures if
the mechanism for superconductivity involved quasi-particles with a larger
effective spin.

In this connection we remark that the transition temperature for 4He

is much higher than in 3He, provided we compare the two under

the same

conditions of pressure so this would agree with our deliberation above [11].
What we have presented in this paper is a nonlinear

field-theoretic approach

to superconductivity which is applicable to situations where a single p h a s e exists.
Depending on the case we may obtain a normal phase, a h o m o g e n e o u s
superconducting phase, or indeed a host o f modulated superconducting phases with
periodically distributed regions of high and low concentration of superconducting
charge.
The regions with low concentrations of charge density will be easily
penetrable by magnetic flux lines and may result in the formation of a flux lattice.
Thus, this type of description appears fairly suitable for both type I and type II
superconductors. H o w e v e r , in the case of the new ceramic type o f superconductor
the spatial ordering may be somewhat more complicated and the role o f defects,
twin boundaries and structural disorder should not be underestimated.

Admittedly

then, the model we have presented in this work would only be suitable for a single
grain and interactions

between the neighbouring domains of superconductivity

would have to be modelled independently through the inclusion of LawrenceDoniach terms, for example.
extending
Interesting

the

present

phenomena

We have made a first step in the direction of

approach

to

appear to be

embrace
already

ceramic

superconductors

incorporated,

for

instance

[12].
the

associated vortex arrays f o r m from the order parameter phases of the domains and
may or may not be commensurate with the structure of the island or domain
envelopes.

This may explain the experimentally observed glassy features o f these

materials [ 13].
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