Parametrie Continuation and Optimal Parametrization in
Applied Mathematics and Mechanies

Parametrie Continuation
and Optimal
Parametrization in
Applied Mathematics
and Mechanics
by

V.I. Shalashilin
Moscow Aviation Institute,
Moscow, Russia

and

E.B. Kuznetsov
Moscow Aviation Institute,
Moscow, Russia

SPRINGER-SCIENCE+BUSINESS MEDIA, B.V.

A C.I.P. Catalogue record for this book is available from the Library of Congress.

ISBN 978-90-481-6391-5
ISBN 978-94-017-2537-8 (eBook)
DOI 10.1007/978-94-017-2537-8

Printed on acid-free paper

All Rights Reserved
© 2003 Springer Science+Business Media Dordrecht

Originally published by Kluwer Academic Publishers in 2003
Softcover reprint of the hardcover 1st edition 2003
No part of this work may be reproduced, stored in a retrieval system, or transmitted
in any form or by any means, electronic, mechanical, photocopying, microfilming, recording
or otherwise, without written permission from the Publisher, with the exception
of any material supplied specifically for the purpose of being entered
and executed on a computer system, for exclusive use by the purchaser of the work.

Contents

Preface

Vll

1. NONLINEAR EQUATIONS WITH A PARAMETER
1.
Two forms of the method of continuation of the solution
with respect to a parameter
2.
The problem of choosing the continuation parameter.
Replacement of the parameter
3.
The best continuation parameter
4.
The algorithms using tl
est continuation parameter
and examples of their appllcation
5.
Geometrical visualization of step - by - step processes.
6.
The solution continuation m vicinity of essential
singularity points
2.

3.

THE CAUCHY PROBLEM FOR ORDINARY
DIFFERENTIAL EQUATIONS
1.
The Cauchy problem as a problem of solution
continuation with respect to a parameter
2.
Certain properties of ). - transformation
3.
Algorithms, softwares, examples
STIFF SYSTEMS OF ORDINARY DIFFERENTIAL
EQUATIONS
1.
Characteristic features of numerical integration of stiff
system of ordinary differential equations
2.
Singular perturbed equations
3.
Stiff systems
4.

Stiff equations for partial derivatives

v

1
1
8
11
24
32
40
43
43
46
59
67
67
77
86
94

vi

OPTIMAL PARAMETRIZATION

4. DIFFERENTIAL - ALGEBRAIC EQUATIONS
1.
Classification of systems of DAE
2.
The best argument for a system of differential - algebraic
equations
3.
Explicit differential - algebraic equations
4.
Implicit ordinary differential equations
5.
Implicit differential - algebraic equations

97
97
102
106
110
118

5. FUNCTIONAL - DIFFERENTIAL EQUATIONS
1.
The Cauchy problem for equations with retarded
argument
2.
The Cauchy problem for Volterra's integro - differential
equations

137
137

6. THE PARAMETRIC APPROXIMATION
1.
The parametric interpolation
2.
The parametrie approximation
3.
The continuous approximation

149
150
157
162

143

7. NONLINEAR BOUNDARY VALUE PROBLEMS FOR
ORDINARY DIFFERENTIAL EQUATIONS
165
1.
The equations of solution continuation for nonlinear one166
dimensional boundary value problems
2.
The discrete orthogonal shooting method
173
3.
The algorithms for continuous and discrete continuation
of the solution with respect to a parameter for nonlinear
one - dimensional boundary value problems
181
4.
The example: large deflections of the circle arch
189
8.

CONTINUATION OF THE SOLUTION NEAR
SINGULAR POINTS
1.
Classification of singular points
2.
The simplest form of bifurcation equations
3.
The simplest case of branching (rank(JO)=n-l)
4.
The case of branching when rank(JO)=n-2

197
197
203
210
213

References

221

Bibliography

221

Preface

A decade has passed since Problems of Nonlinear Deformation, the
first book by E.I. Grigoliuk: and V.I. Shalashilin was published. That
work gave a systematic account of the parametric continuation method.
Ever since, the understanding of this method has sufficiently
broadened. Previously this method was considered as a way to
construct solution sets of nonlinear problems with a parameter. Now it
is c1ear that one parametric continuation algorithm can efficiently work
for building up any parametric set. This fact significantly widens its
potential applications.
A curve is the simplest example of such a set, and it can be used for
solving various problems, inc1uding the Cauchy problem for ordinary
differential equations (ODE), interpolation and approximation of
curves, etc. Research in this area has led to exciting results. The most
interesting of such is the understanding and proof of the fact that the
length of the arc calculated along this solution curve is the optimal
continuation parameter for this solution.
We will refer to the continuation solution with the optimal parameter
as the best parametrization and in this book we have applied this
method to variable c1asses of problems: in chapter 1 to non-linear
problems with a parameter, in chapters 2 and 3 to initial value
problems for ODE, in particular to stiff problems, in chapters 4 and 5
to differential-algebraic and functional differential equations.
The fact that the transition to the best parameter in the Cauchy
problem for ODE of normal form can be made using an analytical
transformation, which we will call t..-transformation, has surprised
even uso
Another notable result, which we discuss in chapter 6, is the
development of a general approach to applications of the best
parametrization in parametric approximation problems.
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In chapter 7 we will consider potential applications of parametric
continuation to building more complex one-parametric sets, i.e.
solution sets for non linear boundary problems for ODE with a
parameter.
Finally, in chapter 8, we will show how to use the best
parametrization for the continuation of a solution in a neighborhood of
singularities.
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